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1. INTRODUCTION 
A well-known result due to H. Wielandt [4] says that, for a finite group G 
with trivial center, the tower of automorphism groups aut(G), aut(aut(G)),... 
is finite, in the sense that it eventually leads to a group having only inner 
automorphisms. The analog of this result, concerning derivations of finite- 
dimensional Lie algebras with trivial centers, was established by Chevalley [l] 
for base fields of characteristic 0 by using his structure theory of algebraic 
Lie algebras. Subsequently, E. Schenkman obtained this analog for Lie 
algebras over an arbitrary field in a surprisingly simple way [3]. 
These results suggest that something like Wielandt’s theorem might hold 
also for algebraic groups. For affine algebraic groups over an algebraically 
closed field of characteristic 0, one has sufficient control over the automor- 
phism groups in order to obtain at least an appropriate setting for the problem. 
However, there are examples of such affine algebraic groups G with trivial 
center such that the group w(G) of all affine algebraic group automorphisms 
of G cannot be endowed with an affine algebraic structure (appropriately 
related to that of G), so that the straightforward transcription of the problem 
for finite groups is unmanageable. This difficulty does not arise if one 
restricts the problem by demanding that the centralizer of the connected 
component of the neutral element in G be finite. In that case, we shall use 
Schenkman’s results in order to show that the connected components of the 
neutral element in the members of the automorphism tower eventually stop 
increasing, and that, in fact, their dimensions are bounded a priori. 
In view of this and Wielandt’s theorem, it is somewhat surprising to find 
that, even under the strongest possible centralizer condition on the given 
group, the automorphism tower can be infinite. I am much indebted to 
Calvin Moore, who provided me with the key to the requisite counter- 
example presented in Section 4. 
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2. CENTRALIZERS 
Let G be an affine algebraic group over an algebraically closed field of 
characteristic 0. Let Gr denote the connected component of the neutral 
element in G. Suppose that the center of Gr is finite or, equivalently, that the 
centralizer of G1 in G is finite. It is known from [2] that, under these conditions, 
the group W(G) of all afine algebraic group automorphisms of G has a natural 
afine algebraic group structure satisfying the following conditions: 
(1) The map W(G) x G -+ G that sends each (01, x) onto a(x) is a 
polynomial map. 
(2) The canonical map G -+ W(G), which sends each element x of G 
onto the inner automorphism x’, where x’(y) = xyx-l, is a morphism of afine 
algebraic groups. 
We denote the image of G in W(G) by G’, and we observe that G’ is a 
normal algebraic subgroup of W(G). In fact, if 01 is any element of W(G) 
and x is an element of G, we have 
OIX’OI-1 = a(x)‘. 
The following elementary proposition provides a suitable setting for the 
consideration of automorphism towers. We denote the image of Gi in W(G) 
by G,‘. 
PROPOSITION 2.1. Let G be an afine algebraic group over an algebraically 
closed Jield of characteristic 0. If the centralizer of GI in G is finite, then the 
centralizer of G,’ in W(G) is Jinite and leaves the elements of Gl jxed. If the 
centralizer of GI in G is trivial, so is the centralizer of G,’ in W(G). 
Proof. Let Z denote the centralizer of Gi in G, and let T stand for the 
centralizer of G,’ in W(G). If (Y is an element of T and x is an element of Gi , 
we have 
a(x)’ = OLX’OI-1 = x’, 
which shows that 01(x)x-l lies in 2. The map that sends each element x of G1 
onto 01(x)x-l is therefore a morphism of affine algebraic groups G, --+ 2 n Gr . 
Since Z is finite and Gi is connected, this map must be the trivial map, i.e., 
a(x) = x for every element x of Gi . Thus T leaves the elements of Gi fixed. 
Now suppose y is in G and x in G, . Then x’(y) y-l belongs to Gi , so that 
4X’(Y) y-9 = X’(Y) Y-l 
for every element 01 of T. This may be written 
4”(Y)) 4YFl = X’(Y) Y-l, 
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whence we obtain 
X’(Y+4Y)) = Y-WY)* 
This shows that y%(y) belongs to 2. 
If 2 is trivial, it follows immediately that T is trivial. In the more general 
case, we consider the map y* : T + Z, where y*(a) = y-&(y). Clearly, 
T is an algebraic subgroup of W(G), and y* is a polynomial map. Since Z 
is finite, and since y* sends the neutral element of T onto the neutral element 
of G, it follows that y* sends every element of TI onto the neutral element 
of G. Letting y range over G, we have from this that TI is trivial, so that T 
is finite. 
3. AUTOMORPHISM TOWERS 
Let G be an affine algebraic group over an algebraically closed field of 
characteristic 0, and assume that the centralizer of G1 in G is finite. It is 
clear from Proposition 2.1 that then the group W(G) satisfies this same 
condition; the centralizer of W(G), in W(G) is finite. Let us write WO(G) 
for G, and generally Wi+l(G) for W(Wi(G)). 
THEOREM 3.1. Let G be an afine algebraic group over an algebraically 
closed field of characteristic 0, such that the centralizer of GI in G is finite. 
There is an index n such that, for every i > n, the canonical map Wi(G), -+ 
Wi+l(G), is a covering of afine algebraic groups, i.e., a surjective morphism 
with jinite kernel. 
Proof. For any affine algebraic group H, let S(H) denote the Lie algebra 
of H. For a finite-dimensional Lie algebra L, let W(L) denote the affine 
algebraic group of all Lie algebra automorphisms of L. As is well known, one 
may identify 9(%‘(L)) with the Lie algebra 9(L) of all derivations of L 
(assuming that the base field is of characteristic 0). 
It is known from [2] that the canonical homomorphism W(G,) + @‘(9(G)) 
is a morphism of afline algebraic groups. Moreover, since our base field is of 
characteristic 0, this homomorphism is injective. The kernel of the restriction 
morphism W(G) -+ W(G,) is evidently contained in the centralizer of G,’ 
in W(G). By Proposition 2.1, this kernel is therefore finite. Hence the canonical 
homomorphism W(G) + @(5?(G)) is a morphism of affine algebraic 
groups and has finite kernel. The differential of this morphism is therefore 
an injective Lie algebra homomorphism L, -+ B(L,), where Lo = 9(G) and 
L, = 9(%‘-(G)). 
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Now consider the canonical homomorphism G + G’ C W(G). By our 
assumption on G, the kernel of this homomorphism is finite, so that its 
differential L, --j L, is injective. If L, is identified with its image in g(L,), 
then the image of L, in L, becomes the ideal Y(L,) of the inner derivations 
of L, . Thus we have identified L, with an ideal of L, such that the centralizer 
of L, in L, is (0). 
Proceeding exactly as above, with W(G) in the place of G, etc., we obtain 
a chain L, CL, C ... CL, (m arbitrary) of Lie algebras, where each Li is 
isomorphic with 9(Wi(G)), each Li is an ideal of Li+l and the centralizer 
of L, in L,+l is (0). To this chain, we can apply results of E. Schenkman as 
follows: 
Let LO1 = L, , L A+‘” = [L, , L,,j] (j = 1, 2 ,... ), and put LO* = nj”=, L,?. 
By [3, Theorem 31, L,* is an ideal of L, . By [3, Lemma 121, the centralizer 
of L, in L, is (0). Finally, by [3, Theorem 161, it follows that the centralizer 
of LO* in L, is contained in L,,*. Considering the adjoint representation of L, 
on LO*, we see immediately from this that the dimension of L, is at most 
equal to the sum of the dimension of g(L,,*) and the dimension of the center 
of LO*. Hence there must be an index n such that Li+l = Li for all i > n. 
Looking back to the origin of the Li’s, we see at once that this means that 
the differential of the canonical map Wi(G) --f W”+‘(G) is a Lie algebra 
isomorphism. Since our base field is algebraically closed and of characteristic 
0, this implies that the canonical map Wi(G), --f Wifl(G), is a covering of 
affine algebraic groups, as was to be shown. 
Let G,l = Gr , and Gi+l = [ G G,j] (j = 1, 2 ,... ). Let G,* = nj”=, Gj. 
Then G,* is a normal connected atg;braic subgroup of G, and its Lie algebra 
is the above L,*. From the above proof, we have that, for every i, the canonical 
image of G,* in Wi(G), is normal in. Wi(G), , and contains the connected 
component of the neutral element of its centralizer. Moreover, the dimension of 
each W”(G) is no greater than the sum of the dimension of the center of G,* 
and the square of the dimension of G, *. More crudely, dim(Wi(G)) < d(d + l), 
where d = dim(G). 
The conclusion of Theorem 3.1 can be strengthened in the case where 
the center of G is trivial. The additional information is contained in the 
following result. 
THEOREM 3.2. Suppose that G is as in Theorem 3.1 and that, furthermore, 
the center of G is trivial. Then, if ?V+l(G), = (Wi(G),)’ for i = j, it follows 
that this holds for every i >, j, and that the canonical map Y’Y~(G)~ + Wj+l(G)l 
is an isomorphism of aflne algebraic groups. 
Proof. It follows immediately that the center of each Wi(G) is trivial, 
and that the canonical map Wi(G), + Wi+r(G), is injective. Hence it suffices 
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to deal with the case j = 0, i = 1. Moreover, the last part of Theorem 3.2 
requires no further proof. Thus it suffices to prove that if w(G), = Gi’, 
then w2(G), = (Y%‘(G),)‘. 
Let x be an element of G, and consider the polynomial map 
y : ?V2(G), + w(G)/G’ that sends each element a: of V2(G), onto the coset 
mod G’ of a(~‘). By assumption, YY(G)/G’ is finite, whence we see that y 
must send every element of ?Y2(G), onto the neutral element of %‘(G)/G’. 
This means that 01(x’) belongs to G’ for every 01 in %Y”(G)i . Since the center 
of G is trivial, the canonical map G + G’ is injective, so that a(~‘) determines 
an element 01”(x) of G by the condition a(~‘) = 01”(x)‘. Moreover, G and G 
are isomorphic as affine algebraic groups, whence we may conclude that 01’ 
is an element of Y/(G), and that the map sending each 01 onto 01’ is a morphism 
of affine algebraic groups Y”~(G), + %‘(G)r . Hence Theorem 3.2 will be 
established as soon as we have shown that c1 = 01~‘. 
Let x be an element of G, and let p be an element of w(G). Then we have 
LX.“‘(@(X) = (oI~~oI”-~)(x) = a’(y), wherey = (@~-l)(x). Hence (cx”‘@)(x))’ = 
G(y)’ = a(~‘). Now y’ = (~cP1)(x)’ = /301”-~x’a’=~-~ = pa”-l(x)‘p-’ = 
Pc~(x’) p-l. Substituting this above, we obtain 
(~“‘(P)W = 48) x’4P>Y = (49(~>)‘~ 
Hence OI”‘(@(X) = c@)(x). Since this holds for every x in G and every /3 in 
W(G), we have CX” = 01, proving Theorem 3.2. 
The automorphism tower eventually becomes particularly transparent if 
the centralizer of G, in G is trivial. In this case, we have from Proposition 2.1 
that, for each i, the centralizer of (wi(G),)’ in wi+l(G) is trivial, which 
implies that the restriction morphism YV+~(G) + ?V’(%Vi(G),) is injective. 
Replacing G with w”(G), where n is as in Theorem 3.1, we attain the 
following situation. For each i, there is an isomorphism of a@ne algebraic groups 
l$ : C&‘-~(G) -+ WC, where Wi is an algebraic subgroup of %f(G,), such that 
%+1 0 yi = ~3~ , where yi is the canonical map $fi(G) + ?Vi+l(G). Moreover, 
each Wi+l is precisely the normalizer of Wi in %‘“(G,), and ( Wi)l is the canonical 
image of Gl in W(Gl). 
In order to verify this, let us begin by making 6, the composite of 
y,, : G -+ w(G) with the restriction morphism w(G) -+ %@“(Gi). Next, 
define 6, to be this last restriction morphism. We know that 6, and 6, are 
injective, and by definition 6, 0 y,, = 6, . Now we have (WO)l = 6,(G,) = 
vvl * 
Let c1 be any element of W1. By our definition of w1, we know that 01 is 
the restriction image in YY(GJ f o an element /3 of w(G). For every element 
x of G, we have @‘B-l = p(x)‘. Applying 6, to this relation, we obtain 
aSo 01-l = So&x)). Th’ is s h ows that 01 normalizes WO. Now suppose that p 
is an element of the normalizer of WO in ?Y(Gi). Then, for every element x 
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of G, we have +,(x) p-l = ?&w(x)), where p’(x) is a uniquely determined 
element of G. As in the proof of Theorem 3.2, we see that, in this way, 
TV yields an element CL’ of 9’(G). For every element x of G1, we have 
CL&,(X) p-r = 6&(x)). Hence S&(x)) = S,(~o(x)), which implies that 
p”(x) = p”(x). Thus p = Sr(p”), which belongs to W1. Thus we have shown 
that the normalizer of IV0 in w(Gr) is precisely w1. 
Since each ?V(G)r is isomorphic with Gr , we can repeat the above with 
w(G) in the place of G, etc., and thus obtain the results concerning the Wi’s 
for all values of i. 
4. THE COUNTER EXAMPLE 
In view of the above results and the analogy with the case of finite groups, 
one is tempted to conjecture that the tower of automorphism groups wi(G) 
is finite whenever the centralizer of Gr in G is trivial. We shall show by 
means of an example that this is not the case. By what we have seen at the end 
of the previous section, such an example must lead to an infmite chain of 
finite subgroups Xi of some afIine algebraic group A such that each X5+, 
is the normalizer of Xi in A. In the notation used at the end of Section 3, 
Xi = Wi/6,(Gl) and A = ?V”(G,)/6,(G,). I am indebted to Calvin Moore 
for the following candidate for such a chain. 
Let T denote the multiplicative group of the nonzero elements of our base 
field. Let a be the unique nontrivial affine algebraic group automorphism 
of T, where u(t) = t-l. Let A be the semidirect product T . ((2) of T by the 
group of order 2 generated by u, the multiplication being determined by the 
condition at = t-la for every element t of T. For every positive integer 1z, 
let T,, denote the subgroup of T consisting of all elements t such that tzn = 1. 
Then one verifies directly that the normalizer of (u) in A is Tl . (u) and, 
generally, the normalizer of Ti . (u) in A is Ti+l . (u). 
In order to obtain the required example, we construct an affine algebraic 
group G whose automorphism tower gives rise to the above. We work over 
the complex number field C as our base field, and we begin with the group 
S = SL(3, C). As is well-known, Y/‘(S) is the semidirect product S’ . (T), 
where 5” is the group of the inner automorphisms and 7 is a noninner auto- 
morphism of order 2. In fact, when the elements of S are viewed as 3 by 3 
matrices of determinant 1, then T sends every element of S onto the inverse 
of its transpose. The center of S is of order 3 and is generated by the scalar 
multiplication by a primitive 3rd root of 1, which we shall denote by p. 
Let I’ denote the standard 3-dimensional simple S-module, so that S is 
the group of all linear automorphisms of V that have determinant 1. Let 
7V be the S-module with the same underlying C-space as V, but with the 
S-module structure obtained by twisting with the automorphism 7, i.e., 
AUTOMORPHISM TOWERS OF AFFINE ALGEBRAIC GROUPS 371 
for s in S and B in .I’, we have s . z, = ~(s)(w) (actually, .I’ is the S-module 
dual to V). From the fact that 7 is not an inner automorphism, it follows 
that V and .V are not isomorphic. Each is a simple S-module. Let W stand 
for the direct sum of the S-modules I’ and .I’. In our computations, the 
elements of W will be treated as pairs of element of V. Let C” stand for the 
multiplicative group of the nonzero complex numbers, viewed as an algebraic 
toroid. Let us view W as a vector group (hence as a unipotent abelian affine 
algebraic group), and let G, be the semidirect product W . (S x Co) that 
corresponds to the natural (S x C”) -module structure of W. Explicitly, 
the multiplication of G, is given by the following formula 
(a, > 61 9 Xl 9 w2 > b2 > x2 , t2) 
= (a1 + t1x&2), 61 + tl+%P2)~ 33x2 9 v2)* 
It is easy to verify that the center of Gi is trivial. In fact, if (a, 6, x, t) is an 
element of the center of Gi , one sees almost immediately that a and b must 
be 0, and that x must be in the center of S, so that x = pe (e = 0, 1 or 2). 
Next, one finds that tpe = 1 = tp, whence t2 = 1 and pae = 1. Since 
p3 = 1, this gives pLe = 1, and hence also t = 1. 
Next, we determine V(G,). A decisive feature of our example is the exist- 
ence of an element 0 of %‘(G,), defined by ~(a, b, x, t) = (6, a, T(X), t). 
Clearly, u is of order 2. 
Now let a be any element of %‘(G,). Observe that S x C” and OI(S x C”) 
are maximal reductive subgroups of Gi , and that W is the unipotent radical 
of G, . Hence it follows from the standard conjugacy theorem on maximal 
reductive subgroups of affine algebraic groups over a field of characteristic 0 
that there is an element w in W such that the automorphism w’ol stabilizes 
S x C”. Write (pi for w’o1. The commutator subgroup of S x C” is S, 
whence a1 stabilizes S. Since w(S) = 5” . (T), and since the above element 
u of V(G,) induces the automorphism 7 on S, there is an element x of S 
such that one of x’oli or x’c+u leaves the elements of S fixed and still stabilizes 
S x C”. Let 01~ be this automorphism. The unipotent radical W of G, must 
be stable under 01~ . Since a2 leaves the elements of S fixed, it must therefore 
induce an S-module automorphism of W. Since W is the direct sum of the 
two simple nonisomorphic S-modules V and .V, it follows that there are 
nonzero complex numbers u and w such that a2(u, b) = (uu, vb) for every 
element (a, b) of W. Let t be an element of C”. Then we have, for every (a, b) 
in W, t(u, 6) = (tu, tb)t. Applying OLD to this, and noting that 01~ stabilizes C” 
(because C” is the connected component of the neutral element in the center 
of S x Co), we obtain 
(utu, 726) a2(t) = cY,(t)(uu, WUb) 
= ((4) U% a2(t) u4 49 
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for all elements (a, b) of W. Hence we must have ma(t) = t. Thus o(s leaves 
the elements of S x C” fixed. Multiplying 01~ by the inner automorphism 
effected by the element 0-l of C”, we obtain an automorphism 013 that still 
leaves the elements of S x C” fixed and is such that aa(a, 6) = (ta, b) for 
every (a, b) in W, where t is some fixed nonzero complex number. Conversely, 
for every nonzero complex number u, we can define an element yU of w(Gi) by 
We have proved that, for every element a: of W(G,), there is an elementy in G 
and a nonzero complex number u such that either LX = y’yU or 01 = y’yUo. 
It is easy to verify that y and u are uniquely determined by this last condition, 
and only one of the two alternatives can obtain for a given 01. A short direct 
computation shows that ay, = u’y;‘o. 
Now let G be the semidirect product Gr . (u) whose multiplication is 
determined by the given action of a on Gi . The centralizer of Gr in G is 
trivial, so that we have from Proposition 2.1 that the centralizer of G,’ in 
Y&“(G) is trivial, which implies that the restriction map w(G) -+ r;Y-(G,) 
is injective. It is clear from the above that an element 01 of -ky-(G,) lies in the 
restriction image W1 of w(G) if and only if the corresponding automorphism 
yU lies in WI. Suppose that yU is the restriction to Gr of an element /3 of w(G). 
Clearly, we must have p(u) = ZU, where z is some element of G, . Let x be 
any element of Gi . Then we have 
Yuw+) = B(u) Y&9 BW’ = kJYu(x)(~~)-” 
= xu(yu(x)) z-1 
which shows that yUu = z’uyyu . Since uy, = u’y$, we must therefore have 
yU = z’u’y;‘, whence yU2 = (xu)‘. This implies that u2 = 1 and z = u-l. 
Conversely, if u2 = 1, we can extend yU so that it becomes an element of w(G) 
by putting yU(u) = u-la, where u-l is regarded as an element of the factor 
C” of Gl . Thus w(G) is the semidirect product G’ * (y-J, where ye1 is 
regarded as an automorphism of G as described just above. 
In particular, w(G), is the canonical image of Gl in w(G), so that 
Theorem 3.2 gives YYi+l(G), = ($.@(G)J for every i. As we have seen in 
Section 3, it follows that each $V(G) is isomorphic with an algebraic subgroup 
Wi of w(G,) such that each Wi+l is the normalizer of Wi in w(G,). We have 
already seen that IV is the semidirect product WO . (yml), where W” is the 
canonical image of G in YY(G,). 
For every positive integer n, let no denote a primitive 2”-th root of 1 in C. 
We claim that Wn = W” . (yaO) for every n. Suppose this holds for some n. 
Let 01 be an element of ?Y(G,), and write 01 = y’yU or OL = y’yUu, as before. 
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Clearly, 01 belongs to the normalizer of Wn if and only if yU belongs to the 
normalizer of W”. This last is the case if and only if y$ay, belongs to W”, 
i.e., if and only if y;?~y, = x’p, where z is some element of G1 and p is either 
-&a or yzO , with some integral exponent e. We have y$y, = u’yu2a. Hence 
the first alternative for p must obtain, and we must have ~‘y;~ = x’y:. . 
This implies that u-2 = (n”)e, so that u is a power of (n + 1)“. Conversely, 
we see immediately that ~(~+r)o conjugates (J into W”, so that it belongs to the 
normalizer Wni-l of Wn. Hence we have Wn+l = Wn(y(n+l)o), which is the 
semidirect product W” . (~(~+r)o). Our above claim is therefore established 
by induction on n. 
In particular, the automorphism tower of G is injkite, while the centralizer 
qf Gl in G is trivial. 
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